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A B S T R A C T 

ε Ori (HD 37128) is an α Cygni variable characterized by irregular and small-amplitude variations. From TESS observa- 
tions, we find the presence of stochastic low-frequency variability in this star. We have constructed a sequence of models 
for this star in the mass range of 30–70 M�, using recently derived values of luminosity (log (L/L�) = 5.92) and effective 
temperature. In these considered models, both radial and non-radial linear stability analyses have been performed. Low- 
order radial modes are excited in models having mass below 62 M�. These radially excited modes have periods ranging 
from 6.8 d for the fundamental mode to a few hours for higher-order modes. Similar to the case of radial modes, several 
non-radial modes are found to be unstable in models having higher luminosity-to-mass ratios. Linear stability analysis 
for the case of l = 2 and l = 4 reveals the presence of a strongly unstable mode in models having a mass below 40 M�. 
This mode is found to be unstable in all the considered models and the strength of the instability varies as a function 

of harmonic degree. The non-adiabatic reversible approximation reveals that the origin of instabilities associated with 

the low-order modes is indeed linked with strange modes. To find out the consequence of radial instabilities, non-linear 
numerical simulations have been performed in selected models of ε Ori. In the non-linear regime, these instabilities lead 
to the envelope inflation, finite amplitude regular and irregular pulsations consistent with an α Cygni variable. 

Key words: instabilities – stars: individual: ε Ori – stars: massive – stars: oscillations – supergiants – stars: variable: 
general. 
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 INTRODUCTION  

Cygni variables are supergiant stars of spectral class B and A 

hich display semiregular variability in both the photometric 
nd spectroscopic domains (C. Sterken 1977 ). Such variability 
as been observed in the luminosity and radial velocity of super-
iants by H. A. Abt ( 1957 ). For the prototype of this class α Cyg
Deneb), L. B. Lucy ( 1976 ) extensively studied the radial velocity
ata and suggested that the quasi-periodic variability could be 
ue to the excitation of many pulsation modes in the star. Further
hotometric studies of this kind of stars found that they exhib- 
ted microvariations in the luminosity which were semiregular 
r erratic in nature (A. Van Genderen et al. 1989 ; F. Leeuwen, A.
. van Genderen & I. Zegelaar 1998 ; L. Lefèvre et al. 2009 ). The
Cygni variables are also characterized by significant variability 
n the wind and photospheric lines (A. Kaufer et al. 1996 , 1997 ).
ultiperiodic variability seems to be present and while strict pe- 
iodicities are not found, quasi-periods ranging from few days to 
onths were observed. Their origin is not yet fully understood. 
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Theoretical models of massive, luminous stars are well known 
o exhibit instabilities, including so-called strange mode instabil- 
ties (M. Kiriakidis, K. J. Fricke & W. Glatzel 1993 ; H. Saio 2011 ).
articularly, in the context of α Cygni variables, A. Gautschy 
 1992 ) found non-radial strange mode instabilities in models re-
embling α Cyg for high luminosity-to-mass ratios. But their ex- 
itation required a far too lower mass to be realistic. A further
ttempt at studying the instabilities in Deneb was done by A.
autschy ( 2009 ) who showed that non-radial modes with periods
f few days could be excited by the presence of a convection
one above the hydrogen burning shell in models close to the
osition of Deneb on the Hertzsprung–Russell (HR) diagram. 
. Saio, C. Georgy & G. Meynet ( 2013 ) studied the pulsational
nstabilities in evolutionary models of blue supergiants and found 
hat most radial and non-radial modes (including strange modes) 
re excited in models on the blue loop after the red supergiant
tage. These modes have periods which appear to be consistent 
ith the observed periods in several α Cygni variables. As such, 
he authors identified the α Cygni variables as He-burning stars 
hat are evolving on the blue loop. The surface abundances (He,
, N, O) predicted by their models, however, are much higher
han those observed in α Cygni stars. C. Georgy, H. Saio & G.
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eynet ( 2014 ) showed that the use of the Ledoux criterion for
he onset of convection can significantly improve the agreement
f the observed surface abundances with models. 
εOrionis (HD 37128) is an α Cygni variable which is the central
tar of Orion’s belt. It is a blue supergiant classified as B0Ia (J.
. Lesh 1968 ). This star has been extensively studied and sev-
ral determinations of its fundamental parameters are available
n the literature (L. H. Auer & D. Mihalas 1972 ; H. J. G. L. M.
amers 1974 ; N. D. McErlean, D. J. Lennon & P. L. Dufton 1998 ;
. P. Kudritzki et al. 1999 ; P. A. Crowther, D. J. Lennon & N. R.
alborn 2006 ; S. C. Searle et al. 2008 ). A multiwavelength study
f ε Ori in the optical, UV and X-ray domain was performed
y R. E. Puebla et al. ( 2016 ). The analysis was based on optical
ata from the POLARBASE archive, UV data from IUE , HST, and
he COPERNICUS satellite, and X-ray data from Chandra and
MM-Newton . The derived fundamental parameters, such as the
ffective temperature Teff = 27000 ±500 K and a surface gravity
f log g = 3.0 ±0.05, were found to be consistent with previous
alues. Two distance estimates for the star from the HIPPARCOS
atalogue were used: 412 pc (M. A. C. Perryman et al. 1997 ) and
 more recently determined value of 606 pc (F. Leeuwen 2007 ).
or the lower distance (412 pc), the luminosity was estimated
o be log (L∗/L�) = 5.60 whereas for the larger value of distance
606 pc), a luminosity value of log (L∗/L�) = 5.92 was obtained,
hich is the highest value derived for this star. The carbon, ni-
rogen and oxygen (CNO) abundances as derived from X-ray, UV,
nd optical analyses are consistent and show slight enhancement
n nitrogen and depletion of carbon and oxygen (R. E. Puebla et
l. 2016 ). 
ε Ori (HD 37128) exhibits photometric as well as spectroscopic
ariabilities. The variability of this star has been most extensively
tudied in the optical domain, particularly using the H α line
rofile. A study of the H α profile by D. Ebbets ( 1982 ) found
ariabilities of the order of 1–10 d. Subsequently, T. Morel et al.
 2004 ) found significant variability in the H α and HeI λ6678 lines.
ariations in the H α profile were found on the time-scale of hours
o days, and two periods of 0.781 and 18.2 d were found in the
α data. The period of 18.2 d was of the order of the maximum
otational period of the star (17.6 d). The maximum value of the
otational period was estimated by T. Morel et al. ( 2004 ) using
he value of v sin i ( ∼ 91 kms−1 ) determined by I. D. Howarth
t al. ( 1997 ) and assuming an equator-on view of the star. Any
ncertainty in the inclination angle and rotation velocity can
onsiderably affect the value of the rotation period. In a recent
tudy, A. Burgos et al. ( 2024 ) derived a v sin i value of 52 kms−1 
or this star which implies a longer rotation period ( > 30 d). R.
. Prinja et al. ( 2004 ) conducted a time-series analysis of both
α and several photospheric lines. Three significant periods of 
.9, 6.6, and 9.7 d were consistently identified in Hα, Hβ, and He
λ6678 lines, although their origin could not be confirmed. An
xtensive study of the optical line profile variability of ε Ori was
arried out by G. B. Thompson & N. D. Morrison ( 2013 ). Their
nalysis revealed several periods in the variability of the order of 
–8 d, with no direct connection to the rotational period. Some of 
hese periods were found both in the H α and HeI lines, indicat-
ng a possible wind-photosphere connection. These also exhibit
odulation in their phase diagrams, and their origin could be
ue to stellar pulsation (G. B. Thompson & N. D. Morrison 2013 ).
. Martins et al. ( 2015 ) investigated the line profile variability of 
even OB stars including ε Ori and found significant variability in
ts wind lines. However, several photospheric lines did not show
ny clear changes. From the H α line variability, they found a
NRAS 549, 1–15 (2026)
eriod of about 2 d, which was overall consistent with the results
f R. K. Prinja et al. ( 2004 ) and G. B. Thompson & N. D. Morrison
 2013 ). However, they claimed that their sampling was too coarse
or a proper period identification. The cause of the spectroscopic
ariability of the star is not fully understood. 
Recently, the star has been observed by the Transiting Exo-
lanet Survey Satellite ( TESS ; G. R. Ricker et al. 2015 ). S. Burssens
t al. ( 2020 ) studied the one-sector TESS data and reported
ainly stochastic low-frequency variability. As the dominant fre-
uency falls in the range of the rotational modulation, they sug-
ested that it could be associated with rotational effects. This star
as included in a sample of O- and B-type stars studied by D.
. Bowman et al. ( 2020 ) who characterized their stochastic low-
requency variability and found strong evidence of internal grav-
ty waves being excited in these massive stars. In this paper, we
im to study the radial and non-radial instabilities in models of 
Ori together with recent space-based photometric observations
o understand the origin of observed variabilities. 
Our analysis of the TESS data from two sectors (6 and 32) for

his star have been presented in Section 2 . In order to explore
hether pulsation could be related to some of the observed vari-
bility of the star, we have constructed stellar models with the
bserved parameters of HD 37 128 and performed non-adiabatic
inear stability analysis followed by non-linear simulations. The
tellar models adopted for our study are described in Section 3 .
he results of the non-adiabatic linear stability analysis for radial
nd non-radial perturbations are shown in Section 4 . Outcomes
f the non-linear simulations are described in Section 5 . The
esults are discussed in Section 6 and our conclusions follow in
ection 7 . 

 TESS PHOTOMETRY  

o date, HD 37128 (TIC 427451176) has been observed by the
ESS (G. R. Ricker et al. 2015 ) in two sectors: Sector 6 (11 De-
ember 2018–7 January 2019) and Sector 32 (19 November 2020–
7 December). Each sector provides Full Frame Images (FFIs)
t different cadences – 30 min in Sector 6 (primary mission)
nd 10 min in Sector 32 (first extension). Additionally, HD 37128
as observed as a high-cadence target with a 2-min sampling
n both sectors. All essential data reduction steps – including
ias subtraction, flat-fielding, background subtraction, and pixel-
evel calibration – are performed by the Science Processing Op-
rations Center (SPOC) pipeline (J. M. Jenkins et al. 2016 ). In
his work, we use the 2-min high-cadence data, for which SPOC
ipeline extracts photometry using an optimal aperture. The re-
ulting time series are corrected for crowding, instrumental sys-
ematics, and the finite aperture size, and are made available
hrough the Mikulski Archive for Space Telescopes ( MAST ). These
ata were accessed using the python package Lightkurve
Lightkurve Collaboration 2018 ). The light curves of HD 37128
rom Sectors 6 and 32 were analysed separately, accounting for
mall mean-flux differences and the two-year gap between ob-
ervations. The fluxes were converted to the magnitude scale
sing m = −2 . 5 log 10 (flux ) , after which the mean magnitude was
ubtracted. To study the time series in the frequency domain,
omb–Scargle periodograms (N. R. Lomb 1976 ; J. D. Scargle 1982 ;
. T. VanderPlas 2018 ) were computed, as they are well suited
or unevenly spaced data. The resulting light curves exhibit am-
litude scatters of roughly 40 mmag in Sector 06 and about 15
mag in Sector 32. The brightness in millimagnitudes as a func-
ion of Barycentric TESS Julian Date (BTJD) are displayed in
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he left panels of Fig. 1 for Sectors 6 and 32. The corresponding
eriodograms, shown as a function of frequency (cycle/d), are 
resented in the right panels of Fig. 1 . 
A standard pre-whitening procedure was applied to search for 
eriodicities in the data (D. M. Bowman et al. 2020 ; S. Burssens
t al. 2020 ). Frequencies were searched up to the Nyquist fre-
uency (360 d−1 ) and, given the short observational baseline of 
ach sector, any frequencies below the formal resolution were dis-
egarded. The significance of the peak is assessed by taking into
ccount the presence of stochastic low-frequency variability. No 
ignificant [signal-to-noise ratio (S/N) > 5 ] peaks were detected 
n either sector. In Sector 6, the dominant peak at 0.2415 d−1 is
arginal ( 3 < S / N < 5 ) and may be related to rotational effects,
s it lies within the rotational modulation frequency range as 
stimated in S. Burssens et al. ( 2020 ). In Sector 32, the dominant
eak at 0.7366 d−1 is below marginal. The dominant frequencies 
n each sector, along with their amplitudes, corresponding errors, 
nd S/N, are listed in Table 1 . This indicates that the photometric
ariability of ε Ori is not dominated by long-lived, coherent peaks 
n the TESS bandpass. 

.1 Stochastic low-frequency variability 

iven the absence of any significant coherent peaks, we focus on
haracterizing the stochastic low-frequency background present 
n the TESS photometry. The periodograms of both sectors show 

 gradual increase in power towards low frequencies, commonly 
eferred to as red noise. Such stochastic low-frequency variabil- 
ty is ubiquitous in massive stars and has been widely reported
n the literature (Blomme, R. et al. 2011 ; D. M. Bowman et al.
019 ; Rauw, G. et al. 2019 ). Following previous studies (D. M.
owman et al. 2019 , 2020 ), we characterize this variability by
tting a semi-Lorentzian function with an additional white-noise 
omponent: 

(ν) = α0 

1 +
(

ν
νchar 

)γ + αw . (1) 

ere, ν is the frequency, α0 represents the red-noise ampli- 
ude at zero frequency, γ is the slope of the red-noise com- 
onent, νchar is the characteristic frequency whose inverse 
orresponds to the typical time-scale (or mean lifetime) of 
he physical structures responsible for the stochastic variabil- 
ty, and αw denotes the frequency-independent white-noise 
evel. 
We fit the amplitude spectrum using a custom Markov chain 
onte Carlo (MCMC) method using the python EMCEE pack- 
ge (D. Foreman-Mackey et al. 2013 ). Fig. 2 shows the fit of the
mplitude spectrum for both Sectors 6 and 32. Posterior distri- 
ution for the parameters for Sectors 6 and 32 are shown in the
igs 3 and 4 , respectively. The best-fit parameters along with
heir uncertainties is mentioned in Table 2 . The fit values are
ound to be well within the uncertainties when compared to 
revious studies of this star (D. M. Bowman et al. 2020 ). We
ote an order-of-magnitude decrease in the values of α0 and 
w between the sectors. In contrast, the increase in γ and ν
s particularly interesting, as these parameters may be related 
o the intrinsic properties of the star. Several mechanisms have 
een proposed to explain the stochastic low-frequency variability. 
hese include sub-surface convection (M. Cantiello et al. 2009 , 
021 ), stellar winds (J. Krtička & A. Feldmeier 2021 ) or inter-
al gravity waves excited by core convection (C. Aerts & T. M.
ogers 2015 ; D. M. Bowman et al. 2020 ; W. Thompson et al.
024 ). 

 MODELS  FOR  ε ORI  (HD  37128)  

n order to construct models of εOri, the most recent values of the
ffective temperature ( Teff = 27 000 K) and luminosity log (L∗/L�) 
 5.92 as determined by R. E. Puebla et al. ( 2016 ) on the basis
f the new HIPPARCOS distance (606 pc) are considered. Evo- 
utionary tracks for non-rotating models having initial masses of 
0, 55, 60, 63, and 65 M�, respectively, are shown in Fig. 5 where
he dot corresponds to the observed parameters of HD 37 128 in
he HR diagram. The evolutionary tracks have been generated 
sing the mesa (B. Paxton et al. 2011 , 2013 , 2015 , 2018 , 2019 ;
. S. Jermyn et al. 2023 ) code using solar chemical composition
nd a mixing length parameter of 1.5. Also, the Vink mass loss
cheme is adopted for the hot wind regime. There is significant
ncertainty in the mass loss rates for massive stars due to wind
nhomogeneities. In recent studies (J. O. Sundqvist et al. 2019 ;
. Björklund et al. 2021 ; C. Hawcroft et al. 2021 ), mass-loss rates
ave been observed to be two to three times lower than predicted
y the mass-loss scheme (J. S. Vink, A. de Koter & H. J. G. L. M.
amers 2001 ). Accordingly, we use a scaling factor of 0.4 (see e.g.
. Groth 2020 ) for the Vink mass-loss scheme. The model which
atches the temperature and luminosity of the star corresponds 
o a track for a model of initial mass 63 M�, with the correspond-
ng mass of the model at the location of the star being close to
6.3 M�. 
Due to large uncertainties in the determination of distance, 

here is also a significant uncertainty in the luminosity and hence
n the determination of mass. Therefore, for linear stability anal- 
sis, we have considered models of ε Ori having mass ranging 
rom 30 to 70 M�. In this study, we have taken the solar chemical
omposition ( Z = 0.02, Y = 0.28, and X = 0.70) for constructing
hese models. For the given luminosity, effective temperature, 
hemical composition and mass, models are constructed by in- 
egrating the equations of stellar structure-mass conservation, 
ydrostatic equilibrium and energy transport- from the surface to 
 point in the interior having a temperature of the order of 107 K.
t the photosphere, the Stefan–Boltzmann law and photospheric 
ressure are used as initial conditions. Rotation and magnetic 
elds are disregarded. The OPAL opacity tables (F. J. Rogers &
. A. Iglesias 1992 ; C. A. Iglesias & F. J. Rogers 1996 ; F. J. Rogers,
. J. Swenson & C. A. Iglesias 1996 ) are used for the computation.
he onset of convection is defined by Schwarzschild’s criterion 
nd standard mixing length theory with mixing length parameter 
= 1.5 (E. Böhm-Vitense 1958 ) has been used. 

 LINEAR  STABILITY  ANALYSIS  

.1 Radial analysis 

e have performed a linear stability analysis with respect to ra-
ial perturbations for the models of ε Ori having the parameters 
escribed in Section 3 . The analysis is performed on the basis of 
he linearized pulsation equations as given by A. Gautschy & W.
latzel ( 1990b ). The set of pulsation equations together with four
oundary conditions (two at the surface and two at the bottom
f the stellar envelope) forms a fourth-order boundary eigen- 
alue problem. This is solved using the Riccati method which 
as been successfully applied to stellar pulsation problems by 
. Gautschy & W. Glatzel ( 1990a ). In this method, the linear
MNRAS 549, 1–15 (2026)
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M

Figure 1. The left panels ( 1 a and 1 c) show the 2-min cadence TESS light curves for Sectors 6 and 32, extracted using the SPOC pipeline apertures, while 
the right panels ( 1 b and 1 d) display the corresponding amplitude spectra of ε Ori. 

Table 1. Dominant frequencies in each sector, along with their ampli- 
tudes, frequency errors, amplitude errors, and S/N. 

Sector Frequency σfreq Amplitude σamp S/N 

(d−1 ) (d−1 ) (mmag) (mmag) 

6 0.2415 0.0025 5.6400 0.5562 3.0179 
32 0.7366 0.0019 1.6809 0.1539 2.9695 
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oundary value problem is converted into a non-linear initial
alue problem with unambiguous initial conditions. The com-
lex eigenfrequency σ is the only free parameter of the problem.
he eigenvalues can be determined by simply finding the roots
f a complex determinant function. Initial guesses for the zeros
f the determinant function can be obtained by observing the
ariation of this function in the complex plane. The location of 
n eigenvalue is indicated by the local minima along the run of 
he determinant function and the value at that point can be used
s an initial guess for further iteration to find the exact eigenfre-
uencies. It should be noted that the initial guesses do not depend
n any approximation of the problem (such as the adiabatic ap-
roximation) but rather consider the entire set of perturbation
quations. This makes the Riccati method particularly suitable
or highly non-adiabatic pulsations in which the non-adiabatic
igenfrequencies may differ significantly from the adiabatic so-
utions. Also, since the method does not suffer from the problem
f unknown initial conditions, it is numerically stable and can be
sed to compute eigenfrequencies of high order modes with any
rescribed accuracy. 
NRAS 549, 1–15 (2026)
We obtain complex eigenfrequencies (σ), which are normal-
zed by the global free fall time-scale (

√ 

R3 / 3 GM , where R is the
tellar radius, G is the gravitational constant, and M denotes the
tellar mass) of the corresponding models. The time dependence
f the perturbations is taken to be of the form eiσ t , where the
eal part of the eigenfrequency (σr ) correspond to the pulsation
requencies while the imaginary part indicates excitation (σi < 0)
r damping (σi > 0). Since the interaction of pulsation and con-
ection is not yet well understood, the ‘frozen in approximation’
ntroduced by N. Baker & R. Kippenhahn ( 1965 ) is used for the
resent analysis, in which the Lagrangian perturbation of the
onvective flux is assumed to vanish. 
The results of the linear stability analysis are represented in the

orm of a so-called modal diagram (P. Wood 1976 ; A. Gautschy &
. Glatzel 1990a ; H. Saio, N. H. Baker & A. Gautschy 1998 ) where
oth the real and imaginary parts of the eigenfrequencies are
lotted as a function of some fundamental stellar parameter such
s stellar mass or effective temperature. Fig. 6 shows a modal
iagram where the eigenfrequencies are plotted as a function of 
ass (with a fixed luminosity and temperature) for the corre-
ponding models-real part in Fig. 6 (a) (left) and imaginary in Fig.
 (b) (right). The thick blue lines indicate those eigenfrequencies
hose imaginary parts are negative and thus are unstable modes.
rom Fig. 6 , it can be seen that large number of modes are un-
table for models with masses less than 35 M� and no unstable
odes are present in models having masses greater than 62 M�.
or a model of 35 M�, real part of the eigenfrequency of two lower
rder unstable modes are showing interaction. A monotonically
nstable ( σr = 0 ) mode (H. Saio 2011 ; A. P. Yadav & W. Glatzel
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Figure 2. The left and right panels ( 2 a and 2 b) show the best-fitting semi-Lorentzians for the power spectrum for the light curves in Fig. 1 for Sectors 6 
and 32, respectively, based on the parameters in Table 2 . The black line is the power spectrum, while the green line represents the best-fit red + white 
noise model. These two are also plotted separately (red and yellow, respectively). 

Figure 3. The posterior distributions for the red-noise parameters of 
ε Ori in Sector 6 are shown, with dashed vertical lines indicating the 
16th, 50th, and 84th percentiles (from left to right). A strong negative 
correlation is observed between ( α0 , νchar ) and ( α0 , γ ), while ( νchar , γ ) 
exhibits a strong positive correlation. 
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Figure 4. The posterior distributions for the red-noise parameters of 
ε Ori in Sector 32 are shown, with dashed vertical lines indicating the 
16th, 50th, and 84th percentiles (from left to right). A strong negative 
correlation is observed between ( α0 , νchar ) and ( α0 , γ ), while ( νchar , γ ) 
exhibits a strong positive correlation). 

Table 2. Optimized parameters for the morphology of low-frequency 
variability using a Bayesian MCMC fitting method. 

Sector α0 νchar γ αw 
(mmag) (d−1 ) (mmag) 

6 2.5525+0 . 0420 
−0 . 0422 0.7918+0 . 0190 

−0 . 0189 2.2660+0 . 0674 
−0 . 0671 0.0204+0 . 0010 

−0 . 0010 
32 0.7458+0 . 0089 

−0 . 0089 1.3585+0 . 0212 
−0 . 0213 2.8175+0 . 0782 
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016 ) is found for models below 55 M�. The strength of this
nstability grows steeply for models below 35 M�. From Fig. 6 ,
e observe that the strength of instabilities are generally de- 
reasing with increasing mass which corresponds to a decreasing 
uminosity-to-mass ratio. 
Fig. 7 shows the pulsation periods associated with the modes 
s a function of mass. As before, the thick blue lines indicate
nstable modes. Periods of the unstable modes range from less 
han 1 to 7 d for models having mass below 35 M�. Between
5 and 45 M�, periods ranging from 1.5 to 3.9 d are found. Beyond
odels of mass 45.6 M�, the periods, corresponding to a single
ode, lie between 1.6 and 3.2 d. 
There exists an ambiguity in the outer boundary conditions for 

he perturbation equations since the outer boundary of stellar 
odel does not coincide with the physical boundary of the star. In
ome stellar models, changing the outer boundary conditions did 
ot substantially change the results of the linear stability analysis 
A. P. Yadav, S. Joshi & W. Glatzel 2021 ). In other cases, the choice
f outer boundary conditions was found to affect the instabilities 
MNRAS 549, 1–15 (2026)
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Figure 5. Evolutionary tracks of models with initial masses of 50, 55, 
60, 63, 65, 70, 75, and 80 M�. The position of HD 37128 according to 
its observed effective temperature and luminosity is marked by a black 
dot. The dashed lines indicate the errors in the observed luminosity and 
effective temperature (R. E. Puebla et al. 2016 ). The high uncertainty in 
luminosity is due to the large errors in distance. 
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n regions close to the stellar surface (A. P. Yadav & W. Glatzel
016 ; A. P. Yadav, S. H. Kühnrich Biavatti & W. Glatzel 2018 ).
herefore, to check the dependence of the results of the linear
tability analysis on the choice of outer boundary conditions,
e repeat the linear stability analysis for the models considered
ere with different outer boundary conditions. The divergence
f the heat flux and the gradient of the divergence of the ve-
ocity are required to vanish at the outer boundary in order to
void the reflection of sound waves and shocks there (M. Grott,
. Chernigovski & W. Glatzel 2005 ). These boundary conditions
re also consistent with those used in the subsequent non-linear
imulations. The results of the linear stability analysis with the
ltered boundary conditions is shown in Fig. 8 . A comparison
ith Fig. 6 reveals a similar behaviour in general. The monotoni-
ally unstable mode is present below 55 M�. The two lowest order
odes exhibit almost identical behaviour, with the domain of the
ess strongly unstable mode increasing slightly to 47 M�. How-
ver, the range of instability of some of the subsequent higher
rder excited modes seems to increase significantly. These modes,
hen may have significant amplitudes of the eigenfunctions at the
uter boundary. 
There is a large uncertainty in the luminosity of ε Ori due to the
ncertainties in the determination of its distance. The luminosity
n R. E. Puebla et al. ( 2016 ) is given as log (L∗/L�) = 5 . 92+0 . 32 

−0 . 18 . In
rder to check the dependence of instabilities on the luminosity,
e perform a linear stability analysis for models having mass
6.3 M� and solar chemical composition, over a range of lumi-
osities from log (L∗/L�) = 5.74 to log (L∗/L�) = 6.22. The results
re given in Fig. 9 . Here, real and imaginary parts of the eigenfre-
uency are plotted as a function of luminosity. As the luminosity-
o-mass ratio increases, the number of unstable modes as well
he growth rates of the instabilities increases significantly. Above
 luminosity of 6.1, a large number of modes are unstable. Mode
nteraction is also frequent, which strongly indicates the presence
f strange modes at high luminosities. 
NRAS 549, 1–15 (2026)
.2 NAR approximation 

he non-adiabatic reversible (NAR) approximation consists of 
etting the time derivative of the entropy in the perturbation
quations to zero (A. Gautschy & W. Glatzel 1990a ). As a result,
o heat exchange between the different elements of the star are
ossible and any modes which are due to a heat driven instability
such as κ and ε mechanism) are eliminated in this limit. Strange
ode instabilities, however, are found to exist in the limit of the
AR approximation. This suggests that they are not related to the
lassical κ-mechanism. The NAR approximation thus provides a
seful tool for classifying these modes and identifying the origin
f the instabilities. 
The NAR approximation implies that the ratio of the local

hermal time-scale to the local dynamical time-scale in the star
A. Gautschy & W. Glatzel 1990a ; W. Glatzel & M. Kraus 2024 )
anishes. Thus, an application of the NAR can be expected to
rovide at least qualitatively correct results only in stellar models
aving a low value of the local thermal time-scale. The ratio of 
hermal to dynamical time-scales as a function of relative radius
or a few selected envelope models are shown in Fig. 11 . This
atio attains very high values in the stellar interior and decreases
owards the surface. The region of the envelope over which the
atio of the thermal to dynamical time-scale falls to order unity
r below gradually decreases for higher masses. Thus, the NAR
pproximation seems to be justified only for the lower mass mod-
ls of ε Ori, which also have a high ratio of luminosity-to-mass.
n performing the NAR approximation on models of this star,
e have therefore restricted ourselves to a mass range of 30 − 35
�. Results of the NAR approximation are shown in Fig. 10 . The
igenvalues under the NAR approximation appear as complex
onjugate pairs. Excited and damped modes may appear simulta-
eously, having identical values of the real part (frequency) and
qual but opposite values of the growth and damping rates. Con-
idering the dynamical instabilities at lower masses having very
igh growth rates, the NAR approximation seems to confirm the
resence of strange modes in models below approximately 35 M�
hich have a luminosity-to-mass ratio greater than 2 . 4 × 104 L�

M� .

.3 Non-radial analysis 

assive stars, including supergiants, are known to exhibit non-
adial pulsations (H. Saio et al. 2006 ; K. Lefever, J. Puls & C. Aerts
007 ; C. Aerts et al. 2009 ). In an earlier study by W. Glatzel & S.
ehren ( 1996 ), presence of dynamical mode-coupling instabili-
ies have been identified in models of massive stars for non-radial
erturbations. Thus, a linear stability analysis with respect to
on-radial perturbations seems to be appropriate for the models
onsidered here. A non-radial stability analysis is performed for
he same set of models referred to in Section 3 . The equations de-
cribing the non-radial non-adiabatic pulsations are adopted in
he form derived by W. Glatzel & A. Gautschy ( 1992 ).This system
f equations consists of the linearized forms of mass, momentum
nd energy conservation, Poisson’s equation for the gravitational
otential, the energy transport equation and an equation of state.
ngular dependence of the perturbations can be separated by an
xpansion in terms of spherical harmonics. Introducing an expo-
ential time dependence of the perturbations, the equations are
nally reduced to a sixth order system of ordinary differential
quations. In order to solve this system of equations, six boundary
onditions are required. The outer boundary conditions are am-
iguous as the outer boundary of the model may not correspond
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Figure 6. Real (left) and imaginary (right) parts of eigenfrequencies plotted as a function of mass for models of HD 37128 ranging from 30 to 70 M�
with effective temperature Teff = 27 000 K, luminosity log (L/L�) = 5.92, and a solar chemical composition ( Z = 0.02). Thick blue lines in the real part 
indicate excited modes, which correspond to a negative imaginary part. 

Figure 7. Period associated with different modes is plotted as a function 
of mass for models of HD 37128 having solar chemical composition ( Z 
= 0.02). Excited modes are indicated by thick blue lines. 
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o the physical outer boundary of the star. As in the case of the
adial problem, the Stefan-Boltzmann law is considered to hold 
t the photosphere and the Lagrange pressure perturbation is 
ssumed to vanish there. In addition, we require that at x = 1
where x denotes the relative radius), the gravitational potential 
nd its derivative are continuously connected to the vacuum so- 
ution for x > 1 . The resultant sixth-order boundary eigenvalue 
roblem is also solved using the Riccati method (A. Gautschy & 

. Glatzel 1990a ), giving us a set of complex eigenfrequencies. 
The results are shown, as in the radial case, in the form of 
odal diagrams, where the real and imaginary parts of the eigen- 
requencies are plotted as a function of mass for a fixed harmonic
egree l. Outcomes of the non-radial non-adiabatic analysis are 
resented in Figs 12 and 13 for harmonic degrees l = 2 and l = 4 ,
espectively. Similar to the radial linear stability analysis, several 
odes are excited in models with higher luminosity-to-mass ra- 
ios. For both of the considered harmonic degrees ( l = 2 , 4 ), one
f the modes is strongly unstable (see Figs 12 and 13 ). The real
art of this highly unstable mode is almost constant for models
aving masses greater than 40 M�. However, for less massive 
odels, the mode is very sensitive to the stellar parameters. The
trength of the instabilities associated with this mode is extremely 
igh (of the order of the dynamical time-scale) in models having
ass close to 30 M�, as depicted in the inset of imaginary part
f the modal diagram. Based on their sensitivity to the stellar
arameters, the modes in the modal diagram for l = 2 and l = 4
an be grouped into two categories. One set of modes exhibits
igher frequencies in lower-mass models and lower frequencies 
n higher-mass models. The other set of modes shows the oppo-
ite behaviour for models having mass below 47 M�. To find the
resence of instabilities for higher harmonics, we have selected 
he highly unstable mode for the 60 M� model. The variation of 
he real and imaginary parts of the eigenfrequency as a function
f the harmonic degree up to l = 200 is mentioned in Fig. 14 .
he considered mode is unstable up to l = 200 and appears
o be unstable even for higher harmonics beyond l = 200. The
trength of instability is maximum around l = 48 and decreases
hereafter. 

 NON-LINEAR  SIMULATIONS  

everal radial modes are excited in models of ε Ori. Qualita- 
ively, the excited modes are not affected by the choice of our
dopted boundary conditions. In order to find out the final fate
f unstable models, we have adopted a non-linear numerical 
cheme proposed by M. Grott et al. ( 2005 ). Constant luminosity
nd zero velocity amplitude are used as the bottom boundary 
onditions. Vanishing gradient of the divergence of velocity and 
he divergence of the heat flux are adopted for surface boundary
onditions. The outer boundary conditions are chosen in such a 
ay that the outgoing shock waves can pass the boundary without
eflection. Suitability of the adopted numerical scheme has been 
resented in earlier studies (see e.g. A. P. Yadav & W. Glatzel
017b ; A. P. Yadav et al. 2021 ). In earlier studies (A. P. Yadav & W.
latzel 2017a ), it has been shown that the code picks up the in-
MNRAS 549, 1–15 (2026)
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Figure 8. Same as Fig. 6 but with boundary conditions consistent with those used in subsequent non-linear simulations. 

Figure 9. Real (left) and imaginary(right) parts of eigenfrequencies plotted as a function of luminosity for models having a mass of 56.3 M�. The number 
of unstable modes increases with luminosity-to-mass ratio. 

Figure 10. Modes in the NAR approximation: Complex conjugate modes appear in the modal diagram. 
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Figure 11. Ratio of thermal to dynamical time-scales as a function of 
relative radius for envelope models of different masses. 
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tability from the numerical noise level of the order of 10−5 cm/s
ithout adding any external perturbation. In the linear phase of 
he exponential growth, the period and growth rate obtained from
he simulation are identical to those obtained from the previous 
ndependent linear analysis. 
In carrying out simulations of the instabilities and pulsations 

n the non-linear regime, a correct treatment of the energy bal- 
nce is essential. The thermal and gravitational energies of the 
ystem exceed the kinetic energy by at least two orders of mag-
itude; the acoustic luminosity being at least three orders of 
agnitude smaller than the maximum energies. Thus, a correct 
etermination of the acoustic luminosity requires the relative 
rror in the energy balance to be less than 10−4 . Such a high
ccuracy is obtained by the use of a fully conservative scheme as
escribed in M. Grott et al. ( 2005 ) which ensures the reliability of 
he outcomes of the non-linear simulation. 

.1 Results of the non-linear simulations 

e have performed non-linear simulations for selected stellar 
odels in the mass range of 30–70 M�. The considered mod-
ls have effective temperature Teff = 27 000 K and luminosity 
og (L/L�) = 5.92 as adopted in the linear stability analysis. The
esults of non-linear simulation for a model of 41 M� are given 
n Fig. 15 , which shows the radius (a), velocity (b), temperature
c), and bolometric magnitude (d) at the photosphere together 
ith the time integrated acoustic energy (e) and the error in the
nergy balance (f) as a function of time. The simulation starts
rom the level of numerical noise and without any external per-
urbation picks up the instability. It then exhibits a linear phase
f exponential growth and the velocity amplitude finally satu- 
ates in the non-linear regime after about 100 d. The radius is
ignificantly inflated initially before showing irregular variations 
t a comparatively lower value. The variation of the bolometric 
agnitude shows finite amplitude pulsation without any well- 
efined period. Such behaviour has been reported in non-linear 
imulations of massive OB type stars (A. P. Yadav & W. Glatzel
017b ) and is consistent with the observed irregular variability in
he α Cygni variables. The acoustic energy lost by the system is
ound to increase in a non-monotonic manner with time. This is
ecause during a cycle of pulsation, both incoming and outgo- 
ng acoustic fluxes exist; however the outgoing flux exceeds the 
ncoming flux and hence the average over one pulsation cycle 
f the time integral of the acoustic luminosity should increase 
ith time as we see in this case. The slope of the curve thus
orresponds to a mean acoustic luminosity driven by pulsation. 
he error in the energy balance (Fig. 15 f) is smaller than the
coustic energy (the smallest term in the energy balance) by at
east five orders of magnitude. The results of the non-linear sim-
lation for a 45 M� are shown in Fig. 16 . The radius is consid-
rably inflated in the non-linear regime due to successive shock 
aves. Similar to the case of the model with 41 M�, the bolomet-
ic magnitude shows a finite amplitude pulsation with no strict 
eriodicity. 
In Fig. 17 , the non-linear simulation of a model of 50 M� is
hown. Linear analysis reveals an unstable mode with σr = 0.98 
orresponding to a period of 2.80 d. In the linear phase of the
umerical simulation, the period obtained is 2.89 d, which is close
o that derived from the independent linear stability analysis. In 
he non-linear regime, the velocity amplitude saturates at 137 km 

−1 . The variation of the bolometric magnitude shows a periodic 
nite amplitude pulsation with a period of 5.5 d. The increase in
he period is due to the inflation of the radius in the non-linear do-
ain as compared to the initial hydrostatic value. Previous non- 
inear studies (W. Glatzel 2009 ; A. P. Yadav & W. Glatzel 2016 )
ave shown that strong instabilities may considerably inflate the 
tellar envelope due to which the final non-linear pulsation peri- 
ds differ significantly from the linearly determined periods. As 
uch, the observed periods should be compared with the periods 
btained from the non-linear simulation rather than the linear 
eriods. For the non-linear simulation of a 55 M� model, the 
nstability again leads to a finite amplitude pulsation of 2.4 d and
he velocity amplitude saturates at 123 kms−1 . 
The location of ε Ori on the HR diagram indicates that model
ith parameters close to the star has a mass of 56.3 M� (see
ig. 5 ). This mass is likely to be an upper limit as the inclusion of 
otation corresponds to a lower value of mass for the given lumi-
osity and effective temperature on evolutionary tracks. There- 
ore we have also considered a model with this mass for the non-
inear simulation which has been presented in Fig. 18 . After the
inear phase of exponential growth the velocity amplitude in the 
on-linear regime saturates at 131 km s−1 . The simulation finally 
onverges to a finite-amplitude pulsation with a period of 2.2 d, as
ndicated by the bolometric magnitude profile (Fig. 18 c). Inflation
n the radius is also noticeable as found in the earlier mentioned
odels. For the model of 60 M�, velocity amplitude saturates at
35 km s−1 and the bolometric magnitude shows finite amplitude 
ulsation with a period of 1.9 d. 
The lower mass models are showing irregular variations in the 
on-linear regime (see Figs 15 and 16 ), which have also been
ound in α Cygni variables. We have obtained the periodograms 
or the variations in the bolometric magnitude of two models 
aving a mass of 41 and 45 M� using PERIOD04 (P. Lenz &
. Breger 2004 ). The outcome is shown in Fig. 19 for these two
odels. Similar to the observed TESS periodograms (Fig. 1 ), the
requency content of the theoretical periodograms lie below 2 
−1 . The theoretical periodograms show coherent peaks and the 
ominant frequencies for the 41 M� and 45 M� are found to be
.40 d−1 and 0.22 d−1 , respectively. The latter is of the order of 
he marginally dominant frequency of 0.245 d−1 obtained from 

he TESS periodogram of Sector 6. The theoretical periodograms 
onsist of only radial modes, while the observed periodograms are 
xpected to have both radial and non-radial modes. Therefore, it 
s difficult to directly compare these periodograms. However, the 
rder of the dominant frequencies obtained from the theoretical 
MNRAS 549, 1–15 (2026)
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Figure 12. Real (left) and imaginary (right) parts of eigenfrequencies plotted as a function of mass for harmonic degree l = 2. Variation in the imaginary 
part of the most unstable mode for lower mass models are given in the inset. 

Figure 13. Same as Fig. 12 but for harmonic degree l = 4. 

Figure 14. Real (left) and imaginary (right) parts of the excited eigenfrequency for a 60 M� model as a function of harmonic degree l. 
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Figure 15. The non-linear evolution of instability for a 41 M� model with solar chemical composition. The following quantities are shown as a function 
of time: (a) stellar radius, (b) velocity, and (c) temperature at the photosphere and (d) variation of the bolometric magnitude, (e) time-integrated acoustic 
luminosity and (f) error in the energy balance. Finite amplitude pulsation without any strict periodicity is found to be the result of the instability. 

Figure 16. Same as Fig. 15 but for a model of 45 M�. As in the case of the 41 M� model, the bolometric magnitude variation shows finite amplitude 
pulsation but with no clear period. 

Figure 17. Evolution of instability into the non-linear regime for a model of 50 M�. The radius (a), velocity (b) at the photosphere, and the variations 
of the bolometric magnitude (c) as a function of time are shown. In the linear phase of exponential growth, the period of 2.8 d is consistent with the 
period obtained from the independent linear analysis. In the non-linear regime, instability leads to finite amplitude pulsation with an increased period 
of 5.5 d. This is due to the inflation of the stellar envelope. 
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Figure 18. Same as Fig. 16 but for a model with mass 56.3 M�. The adopted mass of the model is consistent with mass of ε Ori as found from its 
evolutionary tracks. Here the instability leads to finite amplitude pulsation with a period of 2.2 d. 

Figure 19. Periodograms obtained from the variation of the bolometric magnitude at the photosphere for the 41 M� (left) and 45 M� model (right). 
The variation of the bolometric magnitude for computing the periodograms is taken after the amplitude saturation from 100 to 250 d. The dominant 
frequency for the periodogram for 41 M� is 0.40 d−1 while that for the 45 M� is 0.22 d−1 . 
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eriodograms is also consistent with earlier observed spectro-
copic periods. 

.2 Effect of artificial viscosity in the non-linear regime 

trong shock waves are expected to occur when the instabili-
ies are followed into the non-linear regime. The discontinuities
aused by these shocks usually have to be spread out over a
umber of mass zones in order to avoid the very large gradients
hat are associated with this phenomenon. One method to do
his is to introduce a so-called artificial viscosity into the sys-
em. Although there are many forms of artificial viscosity, we
se the one considered by M. Grott et al. ( 2005 ). The quality
nd reliability of the results depend on a correct value of the
rtificial viscosity. A very high value of the artificial viscosity
ould damp the physical instabilities. If it is too small, numerical
scillations occur behind the shock front (Gibbs phenomena).
o avoid such numerical artifacts, the artificial viscosity has to
e chosen carefully. As such, the effect of the artificial viscosity,
n particular the artificial viscosity parameter ν0 (M. Grott et al.
005 ) on the outcomes of the non-linear simulations need to be
tudied. 
In general, the viscosity parameter is to be chosen as small
s possible but sufficiently high in order to suppress the Gibbs
henomena. A value of ν0 = 10 has been found to be appropriate
n many previous studies (M. Grott et al. 2005 ; A. P. Yadav & W.
latzel 2016 , 2017b ). The effect of ν0 on the non-linear evolution
f the 56.3 M� model is presented in Fig. 20 for three values of ν0 :
, 10, and 100. It appears that the radius, velocity and variation
f bolometric magnitude do not show much significant change
hen the artificial viscosity is varied. 
NRAS 549, 1–15 (2026)

I  
 DISCUSSION  

Cygni variables exhibit both photometric and spectroscopic
ariability on various time-scales. In this study, we analysed the
vailable TESS data for the α Cygni variable HD 37 128 ( ε Ori).
he star was observed in two TESS sectors, and was found to
how only marginally dominant peaks at frequencies of 0.24 and
.74 c/d in Sectors 6 and 32, respectively. Our analysis also reveals
he presence of stochastic low-frequency variability in both sec-
ors, consistent with previous findings by D. M. Bowman et al.
 2020 ). Although the TESS photometry is dominated by stochas-
ic variability, the pulsation analysis presented is motivated by
he periodicities reported from spectroscopic studies. In earlier
pectroscopic analyses of HD 37128, variability of the order of 2–
 d has been reported (see e.g. T. Morel et al. 2004 ; R. K. Prinja
t al. 2004 ; G. B. Thompson & N. D. Morrison 2013 ; F. Martins
t al. 2015 ). 
To understand the pulsational instabilities and their connec-

ion with the observed variability in HD 37128, we have per-
ormed non-adiabatic radial and non-radial linear stability anal-
ses in models of this star having a mass range between 30 and
0 M�. The outcomes of the linear stability analysis have been
resented in Section 4 . Frequent mode interaction has been noted
n the modal diagrams for the radial as well as the non-radial
nalysis. The luminosity-to-mass ratio of the considered models
s in the range of 3 ×104 to 1 ×104 in units of the solar luminosity-
o-mass. The presence of strange mode instabilities is expected
n these models as reported in earlier studies (H. Saio et al. 2013 ;
. P. Yadav & W. Glatzel 2017b ). The period associated with the
xcited modes in the radial analysis is in the range of few hours to
.8 d. These periods are consistent with those observed in this star.
n order to understand the impact of boundary conditions on the
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Figure 20. The influence of the artificial viscosity parameter ( ν0 = 5, 10, and 100) on the finite amplitude pulsations of a 56.3 M� model. The radius 
(a), velocity (b), and variation of the bolometric magnitude (c) are given at the outermost grid point as a function of time. 
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utcome of our numerical results, we have performed the radial 
tability analysis with different boundary conditions (see M. Grott 
t al. 2005 ). Since the luminosity of the star is very uncertain,
e have carried out a stability analysis for a given value of mass
nd effective temperature with the luminosity as a parameter. 
he number and strength of instabilities increase with increasing 
uminosity-to-mass ratio, consistent with earlier findings from 

odels of massive stars (A. P. Yadav & W. Glatzel 2017b ; W.
latzel & M. Kraus 2024 ; S. Parida et al. 2024 ). The models of ε
ri show pronounced core-envelope structure where the ratio of 
ocal thermal and dynamical time-scales (see Fig. 11 ) is consid-
rably small in the envelope, satisfying key physical conditions 
or the occurrence of strange mode instability as mentioned by 
. Glatzel ( 1994 ). The NAR approximation for low mass models
as confirmed the presence of strange mode instabilities in this 
tudy. We have also performed stability analysis with respect to 
on-radial perturbations for the considered models. Instabilities 
re present in all the considered models in the adopted mass
ange for low harmonic degrees. Notably, instabilities are also 
ound to be consistently present in high harmonic degrees, as 
oticed in models of Wolf-Rayet stars (see e.g. W. Glatzel & H.
. Kaltschmidt 2002 ). 
Non-linear simulations has been carried out in selected models 
f ε Ori to find out the consequences of identified instabilities. 
arlier studies (e.g. A. P. Yadav & W. Glatzel 2016 , 2017b ; A. P.
adav et al. 2021 ) have shown that such instabilities can lead to
nite amplitude pulsations, extreme envelope inflation, surface 
ruption and rearrangements of stellar structure. For the reliable 
utcomes of the non-linear simulations, we have ensured that 
he error in the energy balance is several order of magnitudes
maller than the energies involved. The importance of the en- 
rgy balance has been highlighted by M. Grott et al. ( 2005 ) and
. P. Yadav & W. Glatzel ( 2016 ). In all the considered models,
nite amplitude pulsation appears to be the final result of the
nstabilities. Notably, for the 41 M� and 45 M� model, where the 
rowth rates are high ( σi < −0 . 1 ), the pulsation does not exhibit
 strictly periodic pattern. This is consistent with the luminosity 
ariations observed in α Cygni stars (see e.g. F. Leeuwen et al. 
998 ). While comparing with TESS observations, it should be 
oted that the variations of bolometric magnitudes are obtained 
rom non-linear simulations, whereas TESS measures the flux 
ariations in a broad optical bandpass. In addition, the non-linear 
imulations presented here are restricted to radial instabilities. 
he observed variability for such massive stars, however, is very 
ikely to be a combination of radial and non-radial modes. More-
ver, B-type supergiants such as ε Ori have strong stellar winds 
hich vary with time (as seen from the H α profiles) and thus
ould introduce additional variability signatures on the observed 
hotometric magnitudes for α Cygni variables (see e.g. M. Kraus 
021 ). Therefore, a direct comparison of the non-linear bolomet- 
ic magnitude variations with the TESS data should be taken with
aution. While the TESS lightcurves show an irregular behaviour 
omparable to the magnitude variations seen in the 41 and 45 M�
odels, the observed variations are of the order of ∼ 0.05 mag,
hich is less than that found theoretically. Further, the TESS 
eriodograms do not show the coherent peaks which are found 
n the theoretical periodograms. Instead, they are contaminated 
ith a significant amount of stochastic low-frequency variability 
red noise; see Fig. 2 ). 
For higher masses, periodic pulsation having periods 1.9–6 d 
re found in the models. These periods lie well within the ob-
erved range of spectroscopic periods which have been found for 
his star (R. K. Prinja et al. 2004 ; G. B. Thompson & N. D. Morrison
013 ). Particularly, for the 56.3 M� model, the final pulsation 
eriod (2.2 d) is close to the recurrent period found in the radial
elocity data for several observing seasons (G. B. Thompson & 

. D. Morrison 2013 ). Also, for the 60 M� model, the pulsation
eriod of 1.9 d agrees remarkably well with the most prominent
eriod of 1.92 d found by R. K. Prinja et al. ( 2004 ) in the wind
nd photospheric lines of ε Ori. Similar for the case of standard
 and B type stars (A. P. Yadav & W. Glatzel 2017b ), the choice
f artificial viscosity parameter does not considerably affect the 
ulsation period, velocity amplitude, and variation in the radius 
rofile (see Fig. 20 ). 
The variability of ε Ori is rather complex. As in the α Cygni
ariables, the multiperiodic variability may be a result of the 
imultaneous excitation of radial and non-radial instabilities (see 
.g. H. Saio 2011 ; H. Saio et al. 2013 ). However, these studies
ere restricted to a linear analysis only. For the strong instabil-
ties (strange modes) which are excited in the models of these
uminous stars, a non-linear analysis is required in order to com-
are theoretical predictions with observations. In this study, both 
adial and non-radial instabilities have been found for models 
f this star. The radial instabilities when followed into the non-
inear regime lead to finite amplitude pulsation. Strong non- 
adial instabilities were also found; however, following them into 
he non-linear regime is not yet feasible. Therefore, to understand 
hat the final consequences of the radial and non-radial modes 
r their combinations can be in the star, the numerical represen-
ation of non-linear non-radial pulsations is necessary. Only then 
an a more realistic understanding of the pulsational instabilities 
nd their connection with the observed variability of α Cygni 
tars be obtained. 
MNRAS 549, 1–15 (2026)
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Luminosity-to-mass ratio of some models of ε Ori indicates
ighly non-adiabatic conditions in the star. In extremely non-
diabatic conditions, due to frequent mode interactions, follow-
ng the eigenfrequencies as a function of stellar parameter in the
odal diagram becomes a challenging task. The Riccati method
sed to solve the pulsation equations by A. Gautschy & W. Glatzel
 1990b ) has been successfully applied in calculating eigenfre-
uencies for highly non-adiabatic and frequent mode interac-
ion conditions (A. Gautschy & W. Glatzel 1990a ; W. Glatzel, M.
iriakidis & K. J. Fricke 1993 ). Contrary to the weaknesses of 
he method mentioned by J. Goldstein & R. Townsend ( 2020 ),
ocal minima in the determinant function along real as well
s imaginary axes are used to find the approximate location of 
oots in extremely non-adiabatic conditions. A scan along the
maginary axis helps us to identify modes that are also far from
he real axis. It also helps us identify monotonically unstable
r stable modes (A. P. Yadav & W. Glatzel 2016 ; A. P. Yadav
t al. 2018 ). In addition to that, it is worth emphasizing that the
ethod can successfully follow modes showing complex con-
ugate behaviour, which is common in extremely non-adiabatic
nvironments (see e.g. A. Gautschy & W. Glatzel 1990a ; M. Kiri-
kidis, W. Glatzel & K. J. Fricke 1996 ; W. Glatzel & M. Kraus
024 ). 

 CONCLUSIONS  

he findings of the present work are summarized below: 

(i) In addition to the overall white noise, stochastic low-
requency variability is present in both TESS sectors for ε Ori.
o significant peaks are detected in either sector, confirming
revious results. The sector-to-sector changes in the stochastic
ow-frequency parameters, despite the identical cadence, are par-
icularly noteworthy. Additional sector data will be necessary to
etter understand the origin and significance of these variations.
(ii) In considered models of this star, radial and non-radial
odes are unstable having periods in the range of a few hours
o 12 d. The number and strength of instabilities are increasing
or models having higher luminosity-to-mass ratios. Instabilities
re also found to be present for high harmonic degrees ( l > 5). 
(iii) Thermal and dynamical time-scales become comparable

n the outer parts of the models. The NAR approximation has
een used to show the presence of strange mode instabilities with
 non-thermal origin. 
(iv) Numerical simulations in the non-linear regime have
hown finite amplitude pulsation in models of ε Ori. The average
adius of all the finite amplitude pulsating models has consid-
rably increased compared to the initial hydrostatic value. Mod-
ls with a mass less than 50 M� exhibit semiregular variability
n a time-scale consistent with observations. For higher-mass
odels, finite amplitude pulsation occurs with well-defined pe-
iods. While such behaviour is not typical for α Cygni variables,
t is interesting to note that the periods agree well with some of 
he prominent spectroscopic periods found in previous studies.
hus, radial pulsations may contribute to some of the observed
ariability. 

Long-term photometric and spectroscopic monitoring is re-
uired to determine variability on different time-scales and vari-
tions in the wind and mass-loss rate of ε Ori. A comparison of 
he pulsation-driven mass-loss rate with the observed mass-loss
ate will help us to strengthen our understanding of the pulsation
nd mass-loss interaction in α Cygni variables. 
NRAS 549, 1–15 (2026)
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